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Abstract 

The proposed dS/CFT correspondence remains an intriguing paradigm in the con- 
text of string theory. Recently it has motivated two interesting conjectures: the en- 
tropic N-bound and the maximal mass conjecture. The former states that there is 
an upper bound to the entropy in asymptotically de Sitter spacetimes, given by the 
entropy of pure de Sitter space. The latter states that any asymptotically de Sitter 
spacetime cannot have a mass larger than the pure de Sitter case without inducing a 
cosmological singularity. 

Here we review the status of these conjectures and demonstrate their limitation. 
We first describe a generalization of gravitational thermodynamics to asymptotically 
de Sitter spacetimes, and show how to compute conserved quantities and gravitational 
entropy using this formalism. From this we proceed to a discussion of the N-bound and 
maximal mass conjectures. We then illustrate that these conjectures are not satisfied 
for certain asymptotically de Sitter spacetimes with NUT charge. We close with a 
presentation of explicit examples in various spacetime dimensionalities. 
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1 Introduction 



One of the most fundamental features of a physical system are the conserved quantities 
that are associated with the system. Asymptotically flat (aF) or asymptotically Anti de 
Sitter (aAdS) spacetimes have generally well understood conserved quantities, though for 
the aAdS case the situation is problematic due to the supertranslation-like ambiguities 
involved. However in either case the conserved quantities have been defined relative to an 
auxiliary spacetime, embedding the boundary of the spacetime of interest into a reference 
spacetime. This is not always possible, however, even for basic spacetimes such as the Kerr 
solution P . Conformal invariance further restricts the choice these reference spacetimes j2] , 
constraining the applicability of this approach. 

The AdS/CFT inspired counter-term method has led to a great deal of progress in this 
area, as this method no longer requires the use of a reference spacetime. Instead, additional 
surface terms, functionals of the geometric invariants on the boundary of the spacetime [Sj, 
are used and provide an alternative approach to calculating the desired conserved quantities 
of aAdS spacetimes, an approach not plagued by the above difficulties. 

A logical extension of any conjectured relationship in an aAdS spacetime is of course 
its counterpart in the asymptotically de Sitter (adS) spacetimes. The construction of the 
conserved charges using AdS/CFT counter-terms, however, depends on the spatial infinity 
present in any aAdS spacetime, a feature not shared by adS spacetimes. These spacetimes 
also have no global timelike Killing vector, as the norm of the Killing vector changes sign as 
it crosses the horizon. Inside the horizon, the Killing vector is timelike, and this has been 
used to calculate the conserved charges and actions/entropies for pure and asymptotically dS 
spacetimes inside the cosmological horizon |4j. Outside of this cosmological horizon, however, 
with the change to a spacelike Killing vector, the physical meaning of the conserved quantities 
is unclear; for example, one could use the conformal Killing vector to calculate the energy if 
one chose 

Recently a method for computing conserved charges (and associated boundary stress 
tensors) of adS spacetimes from data at early or late time infinity was proposed ||6j, in 
analogy with Brown- York prescription used in asymptotically AdS spacetimes El El El • 
The result is a holographic duality similar to the AdS/CFT correspondence, appropriately 
called the dS/CFT correspondence. The specific prescription (which has been employed 
previously by others but in more restricted contexts fOlE]) used counterterms on spatial 
boundaries at early and late times, yielding a finite action for asymptotically dS spacetimes 
in 3, 4, 5 dimensions. By carrying out the procedure, analogous to the AdS cases already 
calculated [21 E] , the boundary stress tensor on the spacetime boundary can be calculated, 
and a conserved charge (spacelike, due to its association with the Killing vector d/dt^ and 
now interpreted as the mass 0) of the adS can also be calculated. 

With this definition in mind, Balasubramanian et al. [6J were led to what we call the 
maximal mass conjecture, which states that any asymptotically dS spacetime with mass 
greater than dS has a cosmological singularity. This conjecture is in need of clarification; 
however roughly speaking it means that the conserved mass of any physically reasonable 
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adS spacetime must be negative (i.e. less than the zero value of pure dS spacetime). The 
conjecture has been verified for topological dS solutions and their dilatonic variants T^, and 
for the Schwarzschild-de Sitter (SdS) black hole |T3j . 

It is to be noted that this mass conjecture was based on another conjecture concerning adS 
spacetimes, the Bousso N-bound [Hj . The Bousso N-bound states that any asymptotically 
dS spacetime will have an entropy no greater than the entropy 7ci^ of pure dS with cosmological 
constant A = 3/£^ in (3 + 1) dimensions. 

There is a class of spacetimes — Taub-NUT-dS spacetimes — that provide counterex- 
amples to both of these conjectures jTSj. Our purpose here is to review these results in more 
detail, providing background for their derivation and indication of how the conjectures are 
violated. We note in passing that a class of stable higher dimensional {d+l=p + q>4:) 
spacetimes of the form dSp^S'^ have entropy greater than dS spacetime and thus also violate 
the N-bound fW]. 

In section 121 we will outline and review the procedure for calculating the conserved mass, 
angular momentum and entropy in any asymptotically (A)dS spacetime. In section|21 we will 
present the procedure for deriving boundary counterterms from the Gauss-Codacci equation 
for the asymptotically dS spacetime. We show that these counterterms are sufficient for 
obtaining a finite action for the infiationary patches (big bang and big crunch patches) of 
dS spacetime in any dimensionality. In section 01 we review the path integral formalism 
in asymptotically dS spacetimes, contrasting it with the procedure in asymptotically AdS 
spacetimes. In sections El and El we will review in brief the Bousso N-bound on the en- 
tropy and the maximal mass conjecture of asymptotically dS spacetimes. In section |71 we 
will consider the different asymptotically dS spacetimes with rotation and NUT charge and 
discuss the regions outside the cosmological horizon. In sections |H1 and we will present our 
detailed results for the violations of the Bousso N-bound and maximal mass conjectures in 
four dimensional Taub-Bolt-dS spacetimes, using two methods for computing the path inte- 
gral and conserved quantities at past/future infinity. These two methods are equivalent to 
one another via an analytic continuation J7]. Finally, in section ^[ we present the general 
expressions for the conserved mass and the entropy of the Taub-NUT/Bolt-dS spacetimes 
in [d + 1) dimensions and show that NUT-charged spacetimes of dimensionality 4k are qual- 
itatively similar to the (3 + 1) dimensional case whereas those of dimensionality Ak + 2 are 
qualitatively similar to the (5 + 1) dimensional case (for both the R- and C-approaches) . 

2 Conserved charges and Gravitational Thermodynam- 
ics 

Thermodynamic properties of black holes have been studied extensively for the past three 
decades. In these studies, more attention has been paid to the thermodynamic properties of 
black holes in asymptotically fiat spacetimes. There are several reasons for extending this 
framework to non-asymptotically flat spacetimes, including string-theoretic motivations con- 
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nected with asymptotically Anti de Sitter spacetimes and the mounting empirical evidence 
that our spacetime has a positive cosmological constant. 

In this section, we review the definition of the conserved charges of the gravitational 
field within a region of space with boundary B, for a spacetime with negative cosmological 
constant A. We consider the spacetime M of dimension d + 1, which is the product of a 
spacelike hypersurface S and a real line time interval I. We denote the boundary of S by B, 
and so the boundary of the spacetime M consists of initial and final spacelike hypersurfaces 
Sj, Ej at and tf, respectively and a timelike hypersurface T = B 1. The hypersurface T 
joins the hypersurfaces and Sj. The spacetime metric is g^u and we denote the induced 
metrics on Ej, E/ by hij and on T by 7,^. The gravitational action is 

^ = ^ I d'+'x^g{R-2K + CM) + ^ ^ d'xVhK - [ d'x^Q (2.1) 

where Cm refers to the matter Lagrangian, which we shall not consider here. The functions 
K and G are the traces of the extrinsic curvatures Kij and B^- for the boundary hypesurfaces 
E and T, with respect to the future and outward unit normals, respectively. By using the 
ADM decomposition of the boundary metric 7^^, the timelike boundary hypersurface T 
foliates into 0?- dimensional hypersurfaces B. In fact, the induced metric aab on B is related 
to 7ii by 

aabidx" + Vdt) {dx^ + V^dt) = -fijdx'dx^ + N'^dt^ (2.2) 

where N is the lapse function and is the shift vector. The gravitational stress-energy 
tensors in the boundaries could be obtained by variation of the action, under the variation of 
the boundary metrics. Then by using the known relation for the variation of the boundary 
metric 7^^ in terms of the variations of the lapse function, shift vector and induced metric 
(Tafe, we obtain the following expressions for the energy surface density £, momentum surface 
density ja and spatial stress s"'', which are the normal and tangential projections of p^^ on 
the boundary B: 



Uip-'Uj + Eo 



2 

= -Tr^^«iP*''"i +i«o (2.3) 
iV yo" 

2 

' ~ AV^^ 

In the relations ()2.3p . p^^ is the energy-momentum tensor of the boundary T (the projec- 
tion components of the p^^ from T to -B is denoted by p""^) and Ui is the unit normal to 
the hypersurface B. The origin of the additive terms Eq, jao and Sq* is from the addition 
of an extra term, a functional of the metric on the boundary to the action ()2.H) . Such a 
term leaves the classical equations of motion invariant. Variation of this extra term yields 
additional contributions to the energy and momentum surface densities and spatial stress. 
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These quantities could be selected to obtain favorable finite results for the energy, momen- 
tum and stress in the background method or the finite boundary condition method jH]- In 
the counterterm method, these quantities are obtained by the variation of the counterterm 
Lagrangian, which serves to eliminate divergences in the energy, angular momentum and 
boundary stress tensor. 

Another equivalent representation of the above equations ()2.3|) is available, in terms of 
the extrinsic curvature of the hypersurface B, the gravitational energy-momentum tensor 
of the hypersurface S and the acceleration of the unit normal to this hypersurface [7|. The 
total quasilocal energy is the integral of the energy surface density over the (c? — l)-boundary 
B, 

E = I d'^-^xy/ae. (2.4) 
Jb 

Moreover, if we have a symmetry on the boundary T, generated by a Killing vector then 
the quantity 

Q^= [ (f-^x^Uip'^i^ (2.5) 

J B 

is conserved. In the absence of matter, the conserved could be written in terms of energy 
and momentum surface densities via 

Q^= f d''-\^{eu,+3,)C (2.6) 

JB 

where conservation means that is independent of the particular boundary B that is chosen 
for its actual calculation. As an example, consider a case where a timelike Killing vector 
with unit length, exists. Moreover, we assume that this Killing vector is surface forming. 
Then it is the unit normal to a particular foliation of the boundary T and on each slice of 
this foliation ^* = and ji^ = 0. In this case, the total energy of the slice ()2.4p is just the 
negative of Q^. For more general slices that are not orthogonal to the Killing vector, the 
total energy is different from —Q^, which defines the conserved mass of the gravitational 
system. 



3 Counter-term approach and dS / CFT Correspondence 

In (i+ 1 dimensional spacetimes with positive cosmological constant, the equations of motion 
can be derived from the action 

I = lB + IdB (3.1) 

where 

1 ' jd+l. 



Ib = I d'^'x^ {R - 2A) (3.2) 



M 



IdB = I d'x^e^. (3.3) 
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The first term ()3.2j) is the bulk action over the d + 1 dimensional Manifold Ai with 
Newtonian constant G and the second term ()3.3|) is the Gibbons-Hawking surface term, 
necessary to ensure a well defined Euler-Lagrange variation. dA4^ are spatial Euclidean 
boundaries at early and late times and Jq^- d'^x indicates an integral over the late time 
boundary minus an integral over the early time boundary. The quantities g^uil% and 9^ 
are the bulk spacetime metric, induced boundary metrics and the trace of extrinsic curvatures 
of the boundaries respectively. We shall usually suppress the "±" notation when it is obvious. 
However, as is well known the action 1)3.111 is not finite when evaluated on a solution of the 
equations of motion. The reason is the infinite volume of the spacetime at early and late 
times. 

The procedure, prior to the use of counter-terms, for dealing with such divergences 
in asymptotically flat/AdS cases (where they are large-distance effects) was to include a 
reference action term [ZllSj, which corresponded to the action of embedding the boundary 
hypersurface dM. (whose unit normal is spacelike) into some other manifold. The physical 
interpretation is that one has a collection of observers located on the closed manifold DM., 
and that the physical quantities they measure (energy, angular momentum, etc.) are those 
contained within this closed manifold relative to those of some reference spacetime (regarded 
as the ground state) in which dM. is embedded ^Hl- For example in an asymptotically Anti 
de Sitter spacetime, it would be natural to take pure AdS as the ground state reference 
manifold. 

However this procedure suffers from several drawbacks: the reference spacetime in general 
cannot be uniquely chosen [2] nor can an arbitrary boundary dM. always be embedded in 
a given reference spacetime. Employing approximate embeddings can lead to ambiguity, 
confusion and incompleteness; examples of this include the Kerr Taub-NUT and Taub- 
Bolt spacetimes jlOj. Extensions to asymptotically dS spacetimes are even more problematic, 
since the embedding surface will typically be time-dependent. 

An alternative approach for asymptotically AdS spacetimes was suggested a few years ago 
that has enjoyed a greater measure of success 1201 1211 122] • It involves adding to the action 
terms that depend only on curvature invariants that are functionals of the intrinsic boundary 
geometry. Such terms cannot alter the equations of motion and, since they are divergent, offer 
the possibility of removing divergences that arise in the action ()3.1|) provided the coefficients 
of the allowed curvature invariants are correctly chosen. No embedding spacetime is required, 
and computations of the action and conserved charges yield unambiguous finite values that 
are intrinsic to the spacetime. This has been explicitly verified for the full range of type-D 
asymptotically AdS spacetimes, including Schwarzschild-AdS, Kerr- AdS, Taub-NUT- AdS, 
Taub-Bolt-AdS, and Taub-Bolt-Kerr-AdS |23,^^. 

The boundary counterterm action is universal, and a straightforward algorithm has been 
constructed for generating it j2Sl- The procedure involves rewriting the Einstein equations 
in Gauss-Codacci form, and then solving them in terms of the extrinsic curvature functional 
Hafe = ©afe — 07af) ^hc bouudary dM and its normal derivatives to obtain the divergent 
parts. It succeeds because all divergent parts can be expressed in terms of intrinsic boundary 
data, and do not depend on normal derivatives j2ZI. By writing the divergent part liah as 
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a power series in the inverse cosmological constant the entire divergent structure can be 
covariantly isolated for any given boundary dimension d; by varying the boundary metric 
under a Weyl transformation, it is straightforward to show that the trace 11 is proportional 
to the divergent boundary counterterm Lagrangian. 

Explicit calculations have demonstrated that finite values for the action and conserved 
charges can be unambiguously computed up to d = 8 for the class of Kerr-AdS metrics [2Sj. 
The removal of divergences is completely analogous to that which takes place in quantum 
field theory by adding counterterms which are finite polynomials in the fields. The AdS / CFT 
correspondence conjecture asserts that these procedures are one and the same. Corroborative 
evidence for this is given by calculations which illustrate that the trace anomalies and Casimir 
energies obtained from the two different descriptions are in agreement for known cases [201 

122 111]. 

Generalizations of the counterterm action to asymptotically fiat spacetimes have also 
been proposed [211 EOl- They are quite robust, and allow for a full calculation of quasilocal 
conserved quantities in the Kerr solution |3T] that go well beyond the slow-rotating limit that 
approximate embedding techniques require pp. Although they can be inferred for general 
d by considering spacetimes of special symmetry, they cannot be algorithmically generated, 
and are in general dependent upon the boundary topology f^ . 

Turning next to the asymptotically de Sitter case, we must add to the action ()3.H1 some 
counterterms to cancel its divergences 

let = / d'x^C,, f d'xVlC^t (3.4) 

JdM+ JdM- 

so that 

I = lB + IdB + let (3.5) 

is now the total action. 

For the special cases d = 2,3, 4, the counterterm Lagrangian 

d-i iQ{d-3) ^ 
^- = -^ + ^(Z^^ ^'-'^ 

was proposed, where R is the intrinsic curvature of the boundary surfaces and the step 
function Q{x) is equal to zero unless x > 0, where it equals unity. The action (j3.f)j) was 
shown to cancel divergences in de Sitter spacetime [H] 

ds'^ = -dr^ + f exp (2r/£) dx ■ dx (3.7) 



and Nariai spacetime 



ds^ = -{d^- l\ dr^ + (d^ - l\ de + dnl_, (3.8) 
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where the metric dx ■ dx is a flat (i-dimensional metric that covers an inflationary patch of 
de Sitter spacetime and dfl'^_^ is the metric of a unit {d — l)-sphere. Here 

, rf(rf-l) 
A = — ^ 

is the positive cosmological constant. 

Calculations of the total action are performed by cutting off de Sitter space at a flnite 
time, and then letting the surface approach future inflnity. In odd dimensions, there is an 
additional divergence that is logarithmic in the conformal time (that is £exp {—r/i)) and can- 
not be cancelled without including an explicit cutoff dependence in the counterterm action, 
thereby leading to a conformal anomaly similar to what has been observed in the context of 
AdS spacetimes jS2lESl- Furthermore, if we use the global covering coordinates of the dS 
spacetimes in which equal time hypersurfaces are (i-spheres (instead of inflationary coordi- 
nates in which equal time hypersurfaces are flat), there is (only for odd dimensional de Sitter 
spacetimes) a linear divergence in the action that cannot be removed by adding local terms 
to the action that are polynomial in boundary curvature invariants [13J. These divergences 
are the de Sitter analogs of those found in the AdS case for compact boundary geometries of 
the form of sphere or hyperbolic space with non-trivial topology [22] • For reasons similar to 
the AdS case, the linear divergence could be reflective of a UV divergence in the Euclidean 
boundary CFT and this need not be fatal to a putative dS/CFT correspondence. 

In higher dimensions, by writing the Einstein equations in the Gauss-Coddacci form we 
can flnd the counterterm Lagrangian for any given d. The result is. 



(3.9) 



d-1 £Q{d-3)^\ eQ{d-5) [ ^^^^ d 



^■^^ " ' £ + 2(rf-2)^J 2(d-2)2(rf-4) V^"^"" 4(d-r^ 



tQ{d-l) ( 3d + 2 d{d + 2 



JXlt lt„b — T', TTT-'l' 
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{d-2f{d-A){d-Q)\A{d-l) 16(rf 

-2It''k^RacM - —^VaRV'R + V^R^'V^Ra!] (3.10) 

A[d-l) J 

for (i < 8, where the step function 0(x) vanishes unless x > 0. The associated boundary 
stress-energy tensor can be obtained by the variation of the action with respect to the 
boundary metric. 

If the boundary geometry has an isometry generated by a Killing vector then it is 
straightforward to show that TabSl' is divergenceless. We write the boundary metric in the 
form 

7„ferfx"rfx^ = ds^ = N^dt^ + aab {dip" + N"dt) {dip'' + N^'dt) (3.11) 

where V^t is a spacelike vector fleld that is the analytic continuation of a timelike vector 
fleld and the ip" are coordinates describing closed surfaces S. From this it is straightforward 
to show that the quantity 

£i = j d^~^^^n"Tabi^ (3.12) 
7 



is conserved between surfaces of constant t, whose unit normal is given by n°. Physically 
this would mean that a collection of observers on the hypersurface whose metric is would 
all observe the same value of O. provided this surface had an isometry generated by If 
d/dt is itself a Killing vector, then we can define 

Tl = - ^ d'^-^^^Ntrfn^Tab (3.13) 

as the conserved mass associated with the surface E at any given point t on the boundary. 
This quantity changes with the cosmological time r. However a collection of observers that 
defined a surface S would find that the value of 3Jt that they would measure would not 
change were they collectively relocated at a different value of t on the spacelike surface dM. . 
Since all asymptotically de Sitter spacetimes must have an asymptotic isometry generated by 
d/dt, there is at least the notion of a conserved total mass 071 for the spacetime as computed 
at future/past infinity. Similarly the quantity 

T = j (f-^ip^/^a^^n'Tbc (3.14) 

can be regarded as a conserved angular momentum associated with the surface S if the 
surface has an isometry generated by d/d(j)°'. Now, by knowing the conserved mass and total 
action, we can evaluate the entropy of the gravitational system. We use the relation 

S = lim {(3jjm-I) (3.15) 

r— »oo 

extending the usual definition to asymptotically dS cases |l3j, which we justify below. It has 
been shown for {d + l)-dimensional SdS space that S" is a positive monotonically increasing 
function of Tl, and that in (2 + 1) dimensions 5* is consistent with the Cardy formula PIT3]. 
providing suggestive evidence in favour of the second law in this context. 



4 Path integral formalism in asymptotically dS space- 
times 

In this section we consider extending the path-integral formulation of (semi-classical) quan- 
tum gravity to the case of asymptotically dS spacetimes. We will see that this approach 
provides a justification for the relation ()3.15|) . despite the rather unconventional notion of 
total mass energy given in eq. ()3.13|) . 

We begin by considering the standard path-integral approach, where we want to take 
the amplitude to go from a state [gi, $1] on a surface Si to state [g2, $2] on 5*2, where gi, $j 
represent the metric and matter fields of interest. Taking the action /[(jf, $] to be over all 
fields on the surfaces Si, S2, this can be represented as 

{g2, $2, ^2|^i, ^i,Si)= [d [g, $] exp (iJ [g, $]) (4.1) 
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Figure 4.1: Histories Hi and if2)With unit spacelike normal n, joined by spacelike tube 

with a measure of all possible field configurations. For aF and aAdS, the surfaces 

are joined by timelike tubes with a finite mean radius, making the boundary and the in- 
terior region contained within compact. By taking the limit that the larger /smaller mean 
radii becomes infinite/vanishes, we get the amplitude for the evolution from [^fi, $1,5*1] to 
[92,^2,82]. 

Asymptotically de Sitter spacetimes, however, must be handled differently. In {d + 1)- 
dimensional adS spacetimes, we replace the surfaces 81,82 with histories Hi,H2 that have 
spacelike unit normals and are surfaces that form the timelike boundaries of a given spatial 
region; they therefore describe particular histories of d-dimensional subspaces of the full 
spacetime. The amplitude 1)4.11) becomes 

{g2, $2, H2\gu $1, i/i) = Jd [g, $] exp (iJ [g, $]) (4.2) 

This now describes an amplitude between differing histories [5'i,$i] and [(72, '^'2] instead of 
surfaces. The histories Hi, H2 are joined by spacelike tubes at some initial and final times, so 
that again the boundary and interior region are compact (fig. 14.11) . and now, in the limit that 
the times approach past / future infinity, we obtain the correlation between complete histories 
[gi,^i. Hi] and [g2,^2, H2]. We arrive at the correlation by summing over all metric and 
matter field configurations that interpolate between these two histories. 

By analogy with the aF and aAdS cases, the quantity {g2, $2, H2\gi, $1, Hi) depends only 
on the hypersurfaces Hi,H2, along with the metrics and matter fields on these hyp ersurf aces. 
It does not depend on any hypersurface lying between these two. 

The correlation between the two histories, found by summing over all intermediate his- 
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tories, 



(^2, $2, H2\gi, $1, Hi) = J2 {92, $2, H2\gi, $i, Hi) {gi, Hi\gi, $i, ifi) (4.3) 

j 

shows the necessity of the boundary action ()3.3|1 . which is another way of saying that, for 
an asymptotically dS spacetime, the boundary dAi will be a union of Euclidean spatial 
boundaries at early and late times. Equation ()4.3|) will hold provided 

I[g^2,^=I[gl^,^ + I[g^2,^ (4.4) 

where gu is the metric of the spacetime region between histories Hi and Hi and gi2 is the 
metric of that between histories Hi and H2. The metric gu is thus the metric of the full 
spacetime between the two initial and final histories, obtained by joining the two regions. In 
general, gu and gi2 will have different spacelike normal derivatives, yielding delta-function 
contributions to the Ricci tensor proportional to the difference between the extrinsic curva- 
tures of the history Hi in gu and (7,2- The action Iqb compensates for these discontinuities, 
ensuring (j4.4|) holds. 

We now wish to consider a counter-term action I^t that will apply to the dS/CFT cor- 
respondence. This term appears due to the counterterm contributions from the boundary 
quantum CFT found by analogy with the AdS/CFT correspondence, which suggests 

the following relationship 

^Ads[7,^o] = / M D [VI/] e-^[3'*l = /exp f / d'^x^Oi,,^,] 
Jh,'fo] \ \JaMd 

= ZcFTb,'^o] (4.5) 

between the partition function of the field theory on AdS^^+i and the quantum conformal field 
theory on its boundary. This correspondence has been explicated for free and interacting 
massive scalar fields and free massive spinor fields (as special cases of interacting scalar-spinor 
field theory [3B]) along with classical gravity and type IIB string theory [HZlEHllSn]- The 
counter-term action 1^ appears for similar reasons: the quantum CFT at future/past infinity 
is expected to have counterterms whose values can only depend on geometric invariants of 
these spacelike surfaces. The counterterm action can be shown to be universal for both the 
AdS and dS cases by re-writing the Einstein equations in Gauss-Codacci form, and then 
solving them in terms of the extrinsic curvature and its derivatives to obtain the divergent 
terms; these will cancel the divergences in the bulk and boundary actions f3llDl- It can 
be generated by an algorithmic procedure, without reference to a background metric, and 
yields finite values for conserved quantities that are intrinsic to the spacetime. The result 
of employing this procedure in de Sitter spacetime is given by the counterterm Lagrangian 
(ITTnil . 

Since (I3.12j) is conserved, a collection of observers on a hypersurface with metric (j3.11j) will 
all have the same H, provided the surface has an isometry generated by In other words, 
provided is a Killing vector on the surface S, £3 is the same on any two histories. Note 
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that S doesn't enclose anything, but rather is a boundary of the histories that interpolate 
between the initial and final histories. This means that in a sense, O is only associated 
with the boundary, and not with the histories it bounds. This is analogous to the situation 
in asymptotically fiat and AdS spacetimes, in which conserved quantities can be associated 
with surfaces whose interiors have no isometries |n|. 

The path integral still remains to be evaluated. It is easier to first review the path integral 
approach for aF and aAdS and the relationship between this approach and gravitational 
thermodynamics. Consider first a scalar quantum field (p. We can write the amplitude for 
going from states 0i) to 1^2, 02 ) two different ways. We can have it as an integral over 
all possible states existing between the initial and final states. 



(ta, 021^1, 0i) 



However, we can also express such an amplitude using the Hamiltonian 



(ta, 021^1, 0i) = ( 

By imposing the periodicity condition (p^ = 02 for ^2 ~ = ^P, we sum over 0^ 

Tr{exp{-pH)) = [ d[(P]e~^^'^l 



(4.6) 

(4.7) 
to obtain 

(4.8) 



Note that what has been done here is a Wick rotation of the time coordinate, giving a Eu- 
clidean path integral over the field configurations, where / is the Euclidean action. Inclusion 
of gravitational effects can be carried out as described above, by considering the initial state 
to include a metric on a surface 5*1 at time ti evolving to another metric on a surface 5*2 at 
time t2, yielding the relation ()4.1|) . 

The left-hand side of ()4.8|) has become the partition function Z, with temperature for 
the canonical ensemble for a field. This connection with standard thermodynamic arguments 
IH] can be seen as follows. We start with the canonical distribution 



P, 



< rir > 



-l3Er 



AT E.e-^^'- 
with /3 determined by considering the average total energy M 



(4.9) 



M 



dp 



In 



(4.10) 



Also, the Helmholtz free energy W = M 



M = W + TS 



W-T 
d 



TS can be rearranged so that 
dW 

'or 



Ny 



J N,V 



dp 



(4.11a) 
(4.11b) 
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Comparing ()4.10|) and ()4.11b|) . we get 



-(3W = In l^e-'^^'-j = In Z (4.12) 

which can be interpreted as describing the partition function of a gravitational system at 
temperature contained in a (spherical) box of finite radius. 

Z can be computed using an analytic continuation of the action in ()4.H) so that the axis 
normal to the surfaces 81,82 is rotated clockwise by | radians into the complex plane jl] 
(i.e. t —>■ iT) in order to obtain a Euclidean signature. Since the Euclidean action is positive, 
the path integral will be convergent, and hence any calculations of desired quantities (action, 
entropy, etc.), can be safely carried out without concern. After the calculations have been 
done, physical results are obtained by rotating the system back to a Lorentzian signature. 

The action for asymptotically de Sitter spacetimes outside the cosmological horizon is 
in general negative, and so the above arguments must be modified for such cases. Here, 
one Wick rotates the axis normal to the histories Hi, H2 anticlockwise by | (i.e. t —iT). 

This makes the action imaginary, and so exp (iJ [g, $]) — > exp ^+/ [g, , giving convergent 

path integral 

Z' = [ (4.13) 



since / < 0. Furthermore, since we want a converging partition function, we must change 

dnni) to 

^'-+1'" ^4'"^' 

Now comparing (|4.14j) with ()4.11b|) (since (j4.11al4.11b|) won't change) we will obtain 

+I3W = In {e+^^'- } = In Z'. (4.15) 

In the semi-classical approximation this will lead to InZ' = +Ici- Substituting this and 
(KTT^i into dUISl), 

(3{M-T8) = +hi 
(3M-8 = hi 

8 = (3M-Ici. (4.16) 

As before, the presumed physical interpretation of the results is then obtained by rotation 
back to a Lorentzian signature at the end of the calculation. Here, however, we are working 
outside the horizon in an asymptotically dS spacetime, where the signature near past and 
future infinity becomes (+, — , +,+,...), giving the spacelike boundary tubes a Euchdean 
signature. There are thus two ways to proceed. 

One approach is suggested by the form of dt at future infinity, which is asymptotically a 
spacelike Kilhng vector. This suggests [TSj that the Wick rotation employed above is used 
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merely to establish the relation ()4.16|) . with no need to analytically continue either the time 
or any other values such as rotation or NUT parameters. This would mean that one can 
evaluate the action at future infinity, imposing the periodicity in t consistent with regularity 
at the cosmological horizon. Since no quantities are analytically continued, we refer to this 
approach as the R-approach, and demonstrate it in section |H1 

Another approach is to use the Wick rotation and calculate all quantities in a manner 
analogous to the approaches used for aF or aAdS spacetimes — since there is an analytic 
continuation used here, we refer to this as the C-approach. This will involve rotation of 
both the time (spacelike outside the horizon; t iT) and any rotation or NUT charge 
parameters involved in the metric. This will give a signature (—,—,+,+,...), which will 
cause the calculated action to be negative, giving a negative definite energy. The argument 
for this approach is that the important factor is the convergence of the path integral and 
partition function, as opposed to simply obtaining a Euclidean signature. The new time T 
is periodically identified with the period f3 to ensure the absence of conical singularities. We 
use this C-approach in sectional 

In fact, it can be shown that these two approaches are completely equivalent modulo 
analytic continuation ^Tj. We can start from the R-approach results and derive by consistent 
analytic continuations all results from the C-approach. Alternatively, there are no obstacles 
in beginning with the C-approach and deriving from this method the respective R-approach 
results. We shall employ both approaches in this paper, keeping in mind that they are related 
by analytic continuation. 

The main metric of interest in this paper is the Taub-NUT metric. This metric possesses 
a spurious singularity known as a Misner-string singularity, analogous to the singularity that 
arises in electromagnetic theory in considering the Dirac monopole. In order to avoid this 
singularity, an additional periodicity constraint in t must be imposed. This periodicity is 
incorporated with the periodicity f3, yielding a consistency criterion relating the mass and 
NUT parameters, the two solutions of which produce generalizations of asymptotically flat 
Taub-Bolt space to the asymptotically de Sitter case [THj. These solutions are classifled 
based on the dimension of the fixed point set of the Killing vector dt that generates the U{1) 
isometry group. The solution is a Bolt solution if the fixed point set is {d — 1) -dimensional, 
and a NUT solution if it is less than this. The R-approach only produces a Bolt [34] : 
however, the C-approach will produce both a NUT and a Bolt solution, similar to the AdS- 
NUT case. It is as always important to note that both of these versions — the C-approach 
and the R-approach versions — are solutions of the Einstein equations of motion. 

5 The N-bound 

The Bousso N-bound is a stronger version, and a non-trivial prediction, of the Banks A — N 
proposal. Banks proposed that the cosmological constant, as an input parameter, should be 
determined by the inverse of the number of degrees of freedom of the fundamental theory |42j . 
As a result of this proposal, a four dimensional universe with positive cosmological constant 
A tends to evolve to empty de Sitter spacetime, and has at most N = = ni"^ = \Ac,h. 
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degrees of freedom equal to the finite entropy of the empty de Sitter spacetime, where Ach. is 
the area of the cosmological horizon. So, the A— N proposal says that a universe with positive 
cosmological constant cannot have entropy greater than that of pure de Sitter spacetime. 
This prediction was called the N-bound and its proof was presented by Bousso The 
proof is based on a combination of the covariant entropy bound, the D-bound, the concept 
of causal diamonds and Bekenstein's generalized second law of thermodynamics |43j . 

The covariant entropy bound bounds the entropy on certain light-sheets. It states that 
the entropy on any light-sheet is less than or equal to j, where A is the surface of the 
light-sheet. This bound generalizes a proposal by Fischler and Susskind jH] and is thought 
to have its origin in the holographic principle, first formulated by 't Hooft jlHI and Susskind 
The application of the covariant entropy bound to the past light-cone of an observer 
was proposed by Banks and a more stringent covariant bound was obtained for light sheets 
that do not terminate on caustics by Flanagan et al. [TFj . 

The D-bound on matter entropy of the asymptotically de Sitter spacetimes is a gener- 
alization of Bekenstein's bound on the entropy of the finite systems in asymptotically flat 
spacetimes jlH] • Bekenstein's bound can be written as S„i < 27cmR, where 2m is the gravita- 
tional radius of the system and R is the circumscribing radius of the system. The D-bound 
states that the matter entropy is less than the difference between N and a quarter of the area 
of the de Sitter cosmological horizon. For dilute, spherically symmetric systems in de Sitter 
space, the D-bound takes precisely the form of Bekenstein's bound, despite the significant 
deviation from fiat space 

The explicit N-bound conjecture states that in any universe with a positive cosmological 
constant, as well as additional matter that may well dominate at all times, the observable 
entropy is bounded by N = 

The observable entropy includes both matter and horizon entropy, but excludes entropy 
that cannot be observed in a causal experiment. In finding the observable entropy, one 
should restrict attention to the causal diamond of an observer which is the spacetime region 
that can be both influenced and seen by an observer. So, the observable entropy lies in a 
region bounded by the past and future light cones from the endpoints of the observer's world 
line (Fig. EH)). 

We note that N is the Bekenstein-Hawking entropy of empty de Sitter space and the 
bound becomes trivial in the limit of vanishing cosmological constant. 

The most profound implication of the N-bound is that a quantum gravity theory with an 
infinite number of degrees of freedom, such as M-theory, cannot describe correctly spacetimes 
with a positive cosmological constant. In fact, this is in good agreement with the other fact 
that no stable de Sitter solutions are yet known in M-theory. 

6 Maximal Mass Conjecture 

Balasubramanian, de Boer and Minic jH] proposed a method for computing the boundary 
stress tensor, mass and the conserved charges of asymptotically dS spacetimes from data 
at early or late time infinity. The method is analogous to the Brown- York prescription in 
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Figure 5.1: Causal diamond of an observer's world line between initial and final time slices 

asymptotically AdS spacetimes jBl 13 El IH] , suggesting a holographic duahty similar to the 
AdS / CFT correspondence. 

In this context, the conserved charge associated with the Killing vector d/dt — now 
spacelike outside of the cosmological horizon — is interpreted as the conserved mass of the 
spacetime. Using this definition, Balasubramanian et al. jH] found the conserved masses for 
the four and five dimensional Schwarzschild-dS spacetimes and three dimensional Kerr-dS 
spacetime and were led to the conjecture that any asymptotically dS spacetime with mass 
greater than dS has a cosmological singularity. This is what we shall refer to as the maximal 
mass conjecture. We interpret the cosmological singularities in the maximal mass conjecture 
to imply that scalar Riemann curvature invariants will diverge to form timelike regions of 
geodesic incompleteness whenever the conserved mass of a spacetime becomes larger than the 
zero value of pure dS. As stated before, the conjecture is in need of a proof. Since the mass 
formula is constructed in terms of the extrinsic curvature of the spacetime boundary, standard 
techniques using the Raychaudhuri equation and focussing theorems may be applicable in 
this direction. 

The conjecture has been verified for topological dS solutions and their dilatonic variants 
|12j . the Schwarzschild-de Sitter (SdS) black hole up to dimension nine ^3] and Reissner- 
Nordstorm-de Sitter black hole jHOj . 

As stated before, by carrying out a procedure analogous to that in the AdS case [21 IB], one 
can compute the boundary stress tensor of the spacetime, and from this calculate a conserved 
charge interpreted as the mass of the asymptotically dS spacetime. Another interesting point 
is that the trace of boundary stress tensor can be employed in the determination of the dual 
RG equation by assuming dS/CFT holography. So, RG evolution of the dual field 
theory is time evolution in an expanding universe. In other words, the evolution of the 
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central charge in the dual field theory is related to the changing number of accessible degrees 
of freedom in spacetime. 



7 Cosmological Schwarzschild— Taub/NUT-Kerr Space- 
times 



In this section, we consider the best known asymptotically de Sitter spacetimes outside the 
cosmological horizon. One reason for doing this is that by choosing this region of spacetime, 
extended from the cosmological horizon to the boundary at late time, we avoid the other 
boundary at early time, simplifying the calculation. 

We begin by considering the d + 1 Schwarzschild-dS spacetime with the metric 

ds' = -N{r)de + ^ + r'dnl_, (7.1) 

where 

and c?f2^_^ denotes the metric on the unit sphere S'^^^. For a mass parameter m with 
< m < m^v, where 

m, = ^^^J (7.3) 

we have a black hole in dS spacetime with event horizon dX r = th and cosmological horizon 
at r = rc > th- The event and cosmological horizons are located at N{rH) = N{rc) = 0. 
When m = TJiNi the event horizon coincides with the cosmological horizon and one gets 
the Nariai solution. For m > rriN, the metric ()7.H1 describes a naked singularity in an 
asymptotically dS spacetime. So demanding the absence of naked singularities yields an 
upper limit to the mass of the SdS black hole. Outside the cosmological horizon, N{r) < 0, 
so we set r = r and rewrite the metric as 

ds' = -/(r)dr^ + + r'dnl, (7.4) 

where 

The Lorentzian Kerr-dS geometry is given by 

ds^ = -^^(dt-asm^9d<pY + ^^^^^[adt-{r^ + a^)d(P]'' 



pldP pldO^ 



(7.6) 



16 



where 

Pl = + '^^ cos^ 6 

OlW = l + ^cos^e ^ ■ ' 

Hl = l + 

The event horizons of the spacetime are given by the singularities of the metric function, 
which are the real roots of Ai(r) = 0. The Lorentzian section is restricted to Ai(r) > 0. 
Hence the horizons are determined by the solutions of the equation 

rn - - a^) + 2mfrH - fa^ = 0. (7.8) 

In the limit i ^ oo, equation ()7.8|) yields the well known location of the Kerr black hole 
horizon 

rn = rn+ VmF—a^. (7-9) 
For small rotation parameter (a — 0), equation ()7.8|1 reduces to 

3 

^-rH + 2m = (7.10) 

which gives us the location of Schwarzschild-dS event horizon th and cosmological horizon 
rc- In this case, for mass parameters m with < m < m^v, where 

we have a black hole in dS spacetime with event horizon at r = th and cosmological horizon 
at r = rc > th- When m = m^v, the event horizon coincides with the cosmological horizon 
"^c = = and one gets the small rotating Nariai solution. 

The other extreme case is when a — > cxd, where equation ()7.8|) gives 

TH = I (7.12) 

for the horizon. For a fixed value of a, from the horizon equation (j7.8p . we can find the 
following equations for the extremum of the horizon radius 



2rH + m T V^m2 + 8mr// - Ir^ji^ = (7.13) 

where for a fixed £, the upper branch has a maximum at r+ = (| + ^)m. The corresponding 
critical cosmological parameter is = ^(2"\/3 + 3)^/^. 

In general for the metric ()7.fi|l . the rotating Nariai solution has an event horizon (coin- 
ciding with the cosmological horizon) at 



3m+./9m2-8a2(l-2i) 

rn = ^ — (7.14) 

2(1-^) ^ ^ 



17 



which reduces to rn — ^ when a — 0. 

Outside of the cosmological horizon, the Kerr-dS metric function Ai(r) is negative, so 
we set r — T and rewrite the hne element in the form 



where 



p2rfr2 A(r) , , . . 



A(t) 



A(r) 



r2(r2+a2) 2 , O 



(7.15) 



(7.16) 



The angular velocity of the horizon is given by 



9t<j, 
94>4> 



(7.17) 



where Tc is the cosmological horizon (A(rc) = and A(t > Tc) > 0). 

As the last example, we consider the general form of the NUT-charged dS spacetime in 
{d+ 1) dimensions, outside the cosmological horizon. The metric is given by 



ds^ = V{t) {dt + nAf 



dr^ 
V(r) 



+ {T^ + n^)dr' 



(7.18) 



where d = 2k + 1 and V{t) is given by the general formula 



V{t) 



'.HIT 



(t2 + n^)*^ (t2 + 712)^= 



ds 



(s2 + „2)fc (2A;+1)(s2 + „2) 



£2 



(7.19) 



with n the non-vanishing NUT charge and A = 

The one-form A is a function of the coordinates (i?i, (pi, ■ ■ •, -dk, (l>k) of the non-vanishing 
compact base space of positive curvature (with metric o?r2) . The coordinate t parameterizes 
a circle Hopf-fibred over this space; it must have periodicity 2(<^+i)'^l"l avoid conical 
singularities, where g is a positive integer. The geometry of a constant-r surface is that of 
a Hopf fibration of over the base space, which is a well defined spacelike hypcrsurfacc in 
spacetime where V{t) > outside of the past/future cosmological horizons. The spacelike 
Killing vector d/dt has a fixed point set where V{tc) — whose topology is the same as that 
of the base space. 

The general form of the base space is a combination of products of 5*2 and CP^, i.e. 
(8)|=i5'2 CP^ such that s + 2c = k. The metric of CP^ has the general form 



1 



(1 + ^)2 



du^ + — {dip + cos 9d4>y 



+ 



u 



4(1 + T) 



{dO'^ + siii^ 9 d(t)'^) 



(7.20) 
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for which the one-form A is 



A 



2(1 + 



u- 



— {dip + cos 



(7.21) 
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0UiS^ CP^ the one-form ^ is a hnear combination of metrics of the forms ()7.2H1 and 



The causal structure of TNdS spacetime can be understood by looking at a typical 
Penrose diagram (Fig. 17. ip . For simplicity, we consider a four-dimensional TNdS with an 

base space. We denote the roots of V{t) by the increasing sequence Ti < < T2 < < 
T4 = Tc- The vertical and horizontal lines are the r = and the past infinity r = —00 
slices of the spacetime, respectively and the double line denotes the future infinity r = +00. 
The solid black dots denote the quasiregular singularities. The region that is outside the 
cosmological horizon is located inside the triangle denoted by "X" . 

Quasiregular singularities are the end points of incomplete and inextensible geodesies 
which spiral infinitely around a topologically closed spatial dimension. Moreover the world 
lines of observers approaching these points come to an end in a finite proper time |H2I- They 
are the mildest kinds of singularity in that the Riemann tensor and its derivatives remain 
finite in all parallelly propagated orthonormal frames. Consequently observers do not see 
any divergences in physical quantities when they approach a quasiregular singularity. The 
fiat Kasner spacetimes on the manifolds M or (g) 5*^, Taub-NUT spacetimes and 
Moncrief spacetimes are some typical spacetimes with quasiregular singularities. 

We consider these quasiregular singularities to be quite different from the cosmological 
singularities referred to in the maximal mass conjecture. This conjecture states that a 
timelike singularity will be present for any adS spacetime whose conserved mass ()3.13p is 
positive (i.e. larger than the zero value of de Sitter spacetime). Using Schwarzschild-de Sitter 
spacetime as a paradigmatic example, it is straightforward to show that scalar Riemann 
curvature invariants will diverge for 071 > E] , yielding a timelike boundary to the 
manifold upon their excision. Note that such curvature invariants diverge in certain regions 
even if 971 < 0; however observers at future infinity cannot actively probe such regions. 
We therefore interpret the cosmological singularities in the maximal mass conjecture of 
Balasubramanian et al. [6 to imply that scalar Riemann curvature invariants will diverge to 
form timelike regions of geodesic incompleteness whenever the conserved mass of a spacetime 
becomes positive (i.e. larger than the zero value of pure dS). By this definition quasiregular 
singularities are clearly not cosmological singularities, and vice-versa. 

We pause here to point out some differences between the four-dimensional Taub-Bolt and 
Taub-NUT spaces. For simplicity, we consider the case of spacetimes with zero cosmological 
constant. The Euclidean geometry of these spacetimes is given by the metric 



ds^ = v^\r)dr'^ + v^ir) {dip + 2ncosed(j)f + (r^ - n^) (c/^^ + sin^ ed(j)'^) 



(7.23) 
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Figure 7.1: The Penrose diagram of the TBdS spacetime. We denote the roots of V by the 

increasing sequence Ti < < T2 < < = t^. The vertical and horizontal lines are 
the r = and the r = —00 slices of the spacetime, respectively. The double line denotes 
T = +00 and the solid black dots denote the quasiregular singularities of the spacetime. 
Our calculation is performed outside the cosmological horizon, located within the triangle 
denoted by "X". 
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where the function f4(r) is given by 



+ - 2mr ,^ r.A\ 

= 1^-3 • (7-24) 



— IT? 



To have a Bolt solution, which means the fixed point set of the Killing vector 8/ dip is a 
two-dimensional sphere, we should fix m = |n, such that reduces to 



{r-2n){2r-n) 
VA,Boit{r) = _ . (7.25) 



The metric function f4 vanishes ai r = = 2n > n and in this case, the fixed point set of 
the Killing vector d/dip is a two-dimensional sphere with radius v^^- 

On the other hand, if we fix the mass parameter to be m = n, then we have a NUT solution 
at r = r„ = n, where the fixed point set of the Killing vector 8/ dip is zero-dimensional. In 
this case, the function Vi{r) reduces to 



r — n 

Vi,NUT{r) = — ■ — . (7.26) 
r + n 



We note that in both cases. 



'^4,Bolti'^)\r=rf, '^4,]V(7T(^)|r=r„ ^ (7 27) 

f Ksou(0)L=,, = fK7VC/T(r))|^,^^,^ = ^. 

We also note that the first condition in ()7.27j) is a necessary condition for the existence 
of the fixed point set of the Killing vector (two-dimensional set for Bolt solution and zero 
dimensional for NUT solution). The second condition in ()7.27p is another necessary condition 
to avoid a conical singularity at the location of the Bolt (r = r?,) or NUT (r = r„) . In general, 
to avoid the conical singularity, we should have 

Aip-^vJr) = An (7.28) 
dr 

where the derivative is calculated on the location of the Bolt or NUT charge. 

Moreover, to avoid the Dirac-Misner string, the period of the coordinate ip should be 
related to the period of by Aip = 4nA0. On the other hand, to avoid conical singularities 
at the poles of the sphere (6*, 0), we should have Acp = 27i and consequently A-^ = 8nn. 
Combining this last relation with the eq. ()7.28|) . we find the second condition in ()7.27j) . 



8 Examples — R approach 

In this section, we present in full detail the calculation of the conserved charges and entropy 
for the asymptotically dS spacetimes with NUT charge in different dimensionality, noting 
violations of the N-bound and maximal mass conjectures in some cases. 
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8.1 Four dimensional case 



The metric of the NUT-charged dS spacetimes is of the form 

ds^ = V{T){dt + 2n cos ed(t)f + {r^ + n^){de'^ + sm^ Odcj)'^) (8.1) 

V[t) 

where 

with n the nonvanishing NUT charge. The spacehke Kilhng vector d/dt has a fixed point set 
where V{tq) = whose topology is that of a 2-sphere. Since ^ is a Kilhng vector, for any- 
constant 0-slice near the horizon t = tq additional conical singularities will be introduced in 

the (t, r) Euclidean section unless t has period 47r/ \ V' {tq)\. This period must equal 

which forces tq = where q is an integer and 



, qf ± Jq'^i^ - UAn^ + ASn'^P , , 

" = vTu ^'-'^ 

yielding two distinct extensions of the Taub-Bolt-de Sitter spacetime (TB^). The respective 
mass parameters are 

= ^'-'^ 

where 

1 



|n| < -£V6 + 3V4 + g2 (8.5) 

so that are both real. Without loss of generality we can take n > 0; results for n < can be 
obtained by reversing the signs of t and 0. Note that TB~ does not exist for \n\ < nc = .2658 ^ 
since V~{t) then develops two additional larger real roots, and the periodicity condition 
cannot be satisfied. 

The spacetime (j8.ip is free of scalar curvature singularities — the invariants R^ypxR^^''^ 
and y/—gR^j^ °'^^af3pxR'^'^''^ are finite everywhere. The only singularities are the quasiregular 
singularities noted above. 

For the conserved mass ()3.13|) . we obtain 

^ 105n4 - 30n2£2 + / i \ 

Tl=-m + + (8.6) 

near future infinity, which for n = reduces exactly to the total mass of the d = 4 
Schwarzschild-dS black hole fH]- Note that although for the d = A Schwarzschild-dS black 
hole, no Casimir energy exists, for odd-dimensional cases, the Casimir energy depends upon 
the topology and geometry of spacetime foliations of the bulk near the conformal boundary 
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Figure 8.1: Left/right: Total mass 9Jl~^^~ /i of the TB"*"/" solution versus n/i at future 
infinity, for q = 1 (solid) and q = 3 (dotted). The spacetimes TB" with q = 1 and q = 3 
exist for \n\ > Uc — .2658 and \n\ > Uc = .1879 respectively. 



Insertion of ()8.4p yields this value explicitly for TB^. Figure IH!T] illustrates the behavior 
of DXf^/i at future infinity, as a function of n/£ for g = 1 and 3. 

While TB~ has dJl~ < for positive n > rif. [ric depends on q and by increasing q, it 
reduces to zero), TB+ has Tl^ > TV^^ = and so forms a class of spacetimes that are 
counterexamples to the Balasubramanian et al. conjecture [H^, since OJl"*" > and there are 
no cosmological singularities. The signs of dJt^ are reversed for negative n, in which case 
TB~ violates the conjecture. 

The total action ()3.5|1 of the TB^ spacetimes is 



-4lT 



V'{r) 











Snn 


is 


T=TO 


q 





2& 



•7) 



where jSjj 

cosmological horizon. The parameters and in ()8.7p are given by ()8.4|) and ()8.3|) . 
In the present case, from the relation ()3.15|) . we obtain 



and it is straightforward to show that the first law dS^ = jSfjdWl^ is satisfied for TB^ 
respectively. Figure IH^ shows the behavior of = S^/i"^ as a function of n/i for g = 1, 3. 

For q = 1 the entropy S~ (n) = —S~ {—n) attains for increasing n a positive maximum 
near n = 0.116, vanishes near n = 0.175, attains a negative local minimum at n = 0.506, 
increasing again to positive values for n > 0.590 before attaining a global positive maximum 
at the critical Bolt charge Ur = V6 + 3y5 ^ 0.594. For all values of Bolt charge the 
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Figure 8.2: Left/right : Entropy S^^ of versus n/i with q = 1 (solid) and g = 3 

(dotted). The horizontal dashed lines denote the N-bound. 

N-bound ^1] on the entropy {S^ < vr ) is satisfied. For the other values of q, the N-bound 
on the entropy also is satisfied. So for TB~ and q = 1, the N-bound is satisfied everywhere 
while the mass conjecture holds only for positive Bolt charge n > ric. 

Similar considerations for TB"*" imply that for positive Bolt charge n and any value 
of g, both the N-bound and the mass conjecture are violated. Indeed, the quasi-regular 
singularity structure of the spacetime is unaltered for any choice of these parameters. 

Since the usual relationship between entropy and area does not hold for NUT-charged 
spacetimes [211 it is natural to inquire if the horizon area of dS spacetime is maximal. We 
find that while the (fixed-t) area of the cosmological horizon of TB^ is always less than that 
of pure dS spacetime, that of TB"*" exceeds it for n < 0.2425. Consequently if one interprets 
the N-bound in terms of a relationship between horizon areas (as opposed to entropies), we 
still find that (within this range) the N-bound is violated. For TB~,the fixed-t area of the 
cosmological horizon is less than the cosmological horizon area of pure dS spacetime for all 
values of NUT charge, and so the re-interpreted N-bound is respected. In the TB"'"case, the 
Gibbs-Duhem entropy is larger than one-quarter of the horizon area, which in turn is larger 
than 7r£^, the entropy of pure dS spacetime. In the TB~case, these inequalities are reversed, 
with vr^^always greater than the Gibbs-Duhem entropy, and both the Gibbs-Duhem entropy 
and one-quarter the area of cosmological horizon respect the N-bound. Figure 18.31 shows 
the behaviour of entropies for the TB+and TB^ cases. 

It is worth mentioning briefly the results of the conserved quantities for four-dimensional 
dS inflationary and covering patches and the Schwarzschild-dS black hole. The action of 
the dS spacetimes in inflationary coordinates (in both big-bang and big-crunch patches) is 
flnite, but in covering coordinates a linear divergence remains in odd dimensions that cannot 
be cancelled by local terms that are polynomial in boundary curvature invariants. As we 
mentioned after equation (j8.6|) . the conserved mass of the four-dimensional Schwarzschild- 
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Figure 8.3: Left/right : Gibbs-Duhem entropy S~^^ (solid), cosmological entropy (dotted) 
and N-bound (dashed) for positive NUT charge of TB^/^. 



dS black hole is given by the negative of the black hole mass parameter and so the conserved 
mass is always negative and respects the maximal mass conjecture. It has been shown in 
general |13j that the conserved mass and action of the Schwarzschild-dS black holes with 
different dimensionalities (up to nine dimensions) are finite. Moreover the entropy of the 
Schwarzschild-dS black hole in four dimensions respects the N-bound. 

In both the AdS and dS cases there is a natural correspondence between phenomena 
occurring near the boundary (or in the deep interior) of either spacetime and UV (IR) physics 
in the dual CFT. Solutions that are asymptotically (locally) dS lead to an interpretation in 
terms of renormalization group flows and an associated generalized dS c-theorem. This 
theorem states that in a contracting patch of dS spacetime, the renormalization group flows 
toward the infrared and in an expanding spacetime, it flows toward the ultraviolet. Since the 
spacetime ()8.1|) is asymptotically (locally) dS, we can use the four-dimensional c-function 

m 

c = {G.^n^nT' = 7^ (8.9) 

where n'^ is the unit normal vector to a constant r-slice. In flgs. 18.41 and 18.51 the diagrams 
of the TB^ spacetime c-functions outside the cosmological horizon with £ = 1 and n = 0.5 
for two cases q = I and 3 are plotted. 

As one can see from these flgures, outside the cosmological horizon, the c-function is a 
monotonically increasing function of r, indicative of the expansion of a constant r-surface 
of the metric ()8.1|) outside of the cosmological horizon. Since the metric ()8.1H) at future 
inflnity r — +oo, reduces to 

dsl-^-du^ + e^''/'dJ:l (8.10) 

where u = ilnr and (iSg is the metric of three-dimensional constant M-surface, the scale 
factor in ()8.1()j) expands exponentially near future inflnity. Hence the behavior of the c- 
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Figure 8.4: c-function of TB+ solution Figure 8.5: c-function of TB solution 
versus r > r+ = 0.50 for q = 1 (solid) versus r > = —0.167 for q = 1 (solid) 
and r > r+ = 1.077 for g = 3 (dotted). and r > = -0.077 for g = 3 (dotted). 



function in figures ()8.4j) and ()8.5|) is in good agreement with what one expects from the 
c-theorem. According to the c-theorem, for any asymptotically (locally) dS spacetimes, the 
c-function must increase (decrease) for any expanding (contracting) patch of the spacetime. 

8.2 Six dimensional case 

The (5 + 1) dimensional Taub-Bolt-dS metric, outside the cosmological horizon, is given by 
the line element 

dsl = V{t) [dt + 2n {cosiei)d(Pl + cosi92)d(l)l)] - 

+ (r2 + n^) {del + sin^ {6 i)d(j)l + dOl + sin2(^2)#2) ■ (S-H) 

The metric function V{t) is 

. _ 3r6 + {-e + 15n2)r4 + 3n2(-2£2 + 15n2)r2 - 2>n\-e + hn'^) + Qmre 
^^""^ " 3(r2 + n2)2£2 ^^-^2) 

where n is the non- vanishing NUT charge and A = The coordinate t parameterizes an 
Hopf fibration over the non-vanishing S"^ ® S"^ base space, parameterized by (6^1, 0^, 6^2, 02)- 
It must have periodicity ^^^^"^ to avoid conical singularities, where g is a positive integer. 
The geometry of a constant-r surface is that of a Hopf fibration of over S"^ ® S"^ which 
is a well defined hypersurface in spacetime where V{t) > is outside of the past/future 
cosmological horizons. The spacelike Killing vector d/dt has a fixed point set where V{tc) = 
whose topology is that of an S'^ Cg) S"^ base space. Since and ^ are Killing vectors, 
for any constant (0^, 02)^slice near the horizon r = additional conical singularities will 
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be introduced in the (t, r) Euclidean section unless t has the period 



A. = ^. (8.13) 



This period must be equal to IHlM^ which forces = where 



ri = -V.^ ^^^■^'•^ (8,14) 



^2 ± ^g2£4 _ 9oon4 + 180n2£2 
30n 

and we denote the respective extensions by TN^. We note the spacetime exists only for the 
following NUT charges: 



'90 + 30Vg2 + 9 

The mass parameters are given by 



n\<i^ . (8.15) 



3T'^,-Ti(f + l5n^)-TW(6f-A5n^) + 3n\e-5n^) 
- = • (8.16) 

The conserved mass and the action near future infinity are found to be 



Med = -8nmR - -^(2205nH^ - m73n^ - £^ - GSn^^^) + o(\] (8.17) 



hd = -^fp^(3^c + lOnV^ + 15nV, + Sm^f^) + O . (8.18) 

Applying the Gibbs-Duhem relation ()3.15|1 . the total entropy at future infinity is 

27r/5^,6,(3r^ + lOnV^ + 15nV, - 9m^£2) 
^Qd = ^ (8.19) 

where jS^^ is given by: 

^^'^ |3r7 + 9r5n2 + r3n2(4£2-l5n2)-9m£2r2 + nV,(75n2-12£2)+3m£2n2|' ^' ^ 

Figures 18.61 and 18.71 show the conserved masses and entropies for two different branches of 
six dimensional TBg spacetimes with q = 1 and g = 3. 

Figure 18.61 shows that for all positive NUT charge, TN^ has a positive mass. The mass 
of TNg (with g = 1) for n < 0.27731503405£ is also positive. Using equations (IHTTIl . (IHTT)|) 
and ()8.14|) . the conserved mass is 

ib27r 

fm± (ro = r^) = 5,2 ^^9^^^ + 180^^^^ - 900n^(810000n^ - bAOOOn^f 

-1350nH^ + A50nYt + GOn^qH^ + qH^) (8.21) 
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Figure 8.6: Left/right: Mass of TBg ' with q^l (solid) and g = 3 (dotted). 




Figure 8.7: Left/right: Entropy of TBg' with q = 1 (sohd) and q = 3 (dotted). 
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Figure 8.8: Left/right: c-function of TBg solution versus r with different values of g = 1 
(solid) and g = 3 (dotted). The two plots overlap in most parts of r-axis. 



and from ()8.19|) . the entropy is 



± _ ±7T\±qH'^ ± 90n^ + q^q^i'^ + V^^n^t^ - QOOn^)- 



101250n4g£2 

^mn^ti + 300n^g^£^ - 27000n^f + 540000n®) 

^Jq^i^ + 180n2£2 _ goOn^ ^ ISOn^g^^^ ± 405071^*^^ ± ± 180n2^^g^}/ 
{±(60750n6g2 _ 270^2^4^4 ^ 575^4^4^2 _ ^e^e _ 18225072^) - 

^Jq^t^ + 180n2£2 - 900n4(g5£^ + 6075n^g + 180n2£2^3 - 225n^g^)}. (8.22) 

The entropy for both branches satisfies the first law dS^^ = /3g^(i9}t^^. 
The six-dimensional c-function is given by 

c = {G^^n'^n'')-^ = — ^ (8.23) 



2 

TT } 



where is the unit normal vector to a constant r-slice. In figure 18.81 the diagrams of the 
TBg spacetimes c -functions outside the cosmological horizon with 1 = 1 and n = 0.25 for 
two cases g = 1 and 3 are plotted. 

As one can see from these figures, outside the cosmological horizon, the c-function is 
a monotonically increasing function of coordinate r, showing the expansion of a constant 
r-surface of the metric ()8.1H) outside of the cosmological horizon. We note that the behavior 
of the c-function is rather insensitive to q. Figure 18.91 shows finer diagrams of c-functions 
for TB^ spacetimes. 
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Figure 8.9: Left/right: Fine structure of c-function of TBg solution versus r with different 
values of g = 1 (solid) and g = 3 (dotted). Note that the values on the vertical axis for the 
left diagram are in units of 10~^ and for the right diagram are in units of 10~^. 



9 Examples — C approach 

We also wish to present the calculation for the C-approach, where we Wick-rotate the time 
and NUT charge {t — >■ iT,n — >■ iN) in analogy with the AdS case [3^. Here, also, there are 
regions where the N-bound and maximal-mass conjecture are violated for certain values of 
the NUT charge in four dimensions. Note that unlike the R-approach method, this method 
produces a NUT and a Bolt solution similar to the Taub-NUT-AdS case jHElinZl- Also, note 
that the discussions above concerning the general structure and singularities of the spacetime 
apply here also, and so we won't repeat them. 



9.1 Four Dimensional Case 

The metric in this case takes the following form 

dsl = -Fip) idT + 2N cos{e)d(t)f - -f - + (p2 - A^^) idO^ + sixi^ {e)d(l)'^) (9.1) 

F{p) 

where 

np) = (p2 _ N^y2 ■ (9-2) 

A^ is the non- vanishing NUT charge, and the cosmological constant is given by A = 

Note, though, that the signature of the metric in this case is ( 1-+), and so the geometry 

is no longer strictly a Hopf fibration of over a 2-sphere, since the coordinate T is now 
timelike. This brings into question the physical relevance of this form of the metric. However, 
the metric is independent of the T coordinate, and so we can still calculate the action and 
thermodynamic quantities. We will do so, while keeping in mind the above. 
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T parameterizes a circle fibred over the non-vanishing sphere parameterized by {0,(j)), 
and thus this case must also have a periodicity condition 

imposed in order to avoid conical singularities, where q is again a positive integer. 

Using the method of counter-terms for de Sitter space ^Hl, one can find the action in 
four dimensions (before specifying a NUT or Bolt solution) 



_ {pI - 3N'p_, + me) 
J-n Ad — TrT:\ 



iCAd = (9.4) 

with p_,_ the largest positive root of F{p), determined by the fixed point set of dr- The mass 
parameter m will have different values for different p > p^. 

Working at future infinity, using ()3.13|) with the full Tab, including counter-terms, the 
conserved mass for the C-approach is given by 

W!c,«=-™ + — H-0(-j. (9.5) 

Note that this reduces to the pure Schwarzschild-dS result ^31 for = 0. Finally, by 
applying the Gibbs-Duhem relation ()4.1(jj) the total entropy can be calculated: 

ScM = -■ (9-6) 

This entropy satisfies the first law of gravitational thermodynamics for both the NUT and 
Bolt cases (see below). 

These formula are generic, and the metric and these equations give two solutions, de- 
pending on the fixed point set of dx- These arise from ()9.3|) . If p^ = N, F{p = N) = and 
the fixed point set is zero-dimensional, giving the "NUT"; if p^ = p^_|_ > A^, the fixed point 
set is two-dimensional, giving the "Bolt". Each case gives different results, both of which 
are of interest. 

9.1.1 NUT solution 

The NUT mass parameter can be solved for from ()9.3j) to give 

Njf + 4iV^) 

mACn = • (9.7) 

This mass is always positive, and so the conserved mass OJl = —m for the NUT solution will 
always be less than pure de Sitter, satisfying the maximal mass conjecture for all values of 
A^. The fiat space limit {i oo) gives m^cn N, and the high temperature limit ^ 
gives m^cn 0. 
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The period in four dimensions, with g = 1, is f3^cn — SirN, giving the NUT action and 
entropy 

J-AC,NUT — [y-o) 

^4c,NUT — • ly-yj 

It can be shown that ()9.9l9.7p satisfy the first law dS = (5dH. In the flat space limit 
I, S ^ —AnN, and go to zero in the high temperature limit. 
The specific heat C = —Pd^S is 

_ 87riV^(£^ + 12iV^) 
^Ac,NUT — • (^y.iuj 

The flat space and high temperature limits of the specific heat are SvrA^ and 0, respectively. 

The NUT solution is thus shown to satisfy the N-bound for all A^, as the entropy ()9.9|1 is 
always negative. We take this to mean that the NUT solution is thermodynamically unstable 
everywhere. Note that the specific heat is always positive, however. 

9.1.2 Bolt solution 

The Bolt solution has a two-dimensional fixed point set of c?r, and thus p_,_ = p^i > ^• 
There are two conditions for a regular Bolt solution: 

(i) F{p) = 

(ii) F'{p) = ±^ 

where (ii) arises from the second equality in ()9.3|) and > 0. The mass parameter in the 
Bolt case comes from (i), 

{pt-{f + QN')pl-N'{f + 3N')) 
m,c, = . (9.11) 

The Bolt radii can be found from (ii); 

p,± • ^^-^^^ 

Note that the discriminant here is always greater than zero, so the only restriction on the 
range of is iV > 0. Also, the fiat space and high temperature limits of p{,_,_ are infinite; the 
fiat space limit of p^. is — ^ and the high temperature limit is zero. 
The first equality in ()9.3p gives the period for the Bolt as 



'^'-'^^'^^^ (9.13) 



pI - 2N^pI + A^2(9]V2 + 2P)p^ - mi^ipl + 
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Figure 9.1: Plot of the upper (pj, = pj,^) and lower ( = p^_) bolt masses mfe-t (for g = 1) 
for 4 dimensions. 



The temperature of the NUT and Bolt solutions can be shown to be the same by substituting 
in m = m4c,b and either of p^ = p^j^ into ()9.13|) . 

A plot of m4c,f, for p^ = p^_|_ is given in fig. 19.11 Again from ()9.5p . 971 = — m, so from fig. 
I9.1l fand for g = 1), we can see that the lower branch (p^ = p^_) mass will always be positive. 
This means that the lower branch Bolt violates the maximal mass conjecture for all values 
of A^. The upper branch is negative (for g = 1) for A^ < 0.2066200733, and so violates the 
conjecture for A^ less than this. This trend holds for g > 1, with the cross-over point on the 
upper branch increasing with increasing g. 

The action for the Bolt from ()9.13p and ()9.4|) is 



i^cAph = pb±) 



216 



Pb 

{q'e + 72N^)e_ ^ (g¥ 



Pb 



3pl -Sm-l 



(9.14) 



Similarly, the entropy is given by 



Sic,b{Pb - Pb±) 



7r(3p^ - (£2 + 12N^)pI - N^{e + ?,N^)) 



TT 

72 



Pb 



Pb 



3pl - 



2\/72 



{qH' + 24A^' 



(9.15) 
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Figure 9.2: Left/right: Plot of the upper/lower branch bolt entropy and specific heat (for 
g = 1) - Note that the entropy of pure de- Sitter space is n£'^. 



This can also be shown to satisfy the first law, by checking both = cases separately. 
The specific heat is 

qH^ (9.16) 

^(144g2£4jv4 + AU72N^ + lOSQSN^f + 2AN'^fq^ + q^i^)' 
qP^/q^i^ + UAN^ + ASN^E^ 

The entropy and specific heat can be plotted; the upper and lower branch plots are in fig. 19.21 
These show that the upper branch entropy is positive for < 0.3562261982£, and the specific 
heat is always positive. We take this to mean that the upper branch is thermodynamically 
stable for N less than this value. However, the lower branch solution is thermodynamically 
unstable for all N, for while the entropy here is always positive, the specific heat is always 
negative. This trend continues for g > 1. 

Figure 19.21 also shows that the Bolt solutions are counter-examples of the N-bound 
conjecture. The upper branch entropy is greater than the pure de Sitter value for < 
0.2180098653£, and the lower branch entropy is greater than pure de Sitter for > 0.3716679966£, 
where the entropy of de Sitter is 7r£^. 



C4C,b{Pb±) 



TT 



36A^2 



9.2 Six Dimensional Case 

The general metric in (5+1) dimensions, before specifying either a NUT or a Bolt solution, 
and using S'^ ® 5"^ as a base space, takes the form 

dsl = -F{p) [dT + 2N cos(^i)d0i + 2N cos(^2)#2]^ - 

+ (p2 - N^) {del + sin2(^i)c/02 + ^^2 ^ sin2(^^)^^2^) ^g^^^^ 
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where the metric function is given by 

, ?,p^-ie + lhN^)p^ + ?,N^i2e + l^N^)p^ + 2>N\e + hN^)+Qmpe 

np) = 3(p^ - 

with again the non-vanishing NUT charge, and A = The periodicity condition to 
avoid conical singularities in six dimensions is 

The geometric interpretation here is as murky as that in four-dimensions, but we shall 
nevertheless proceed. 

Working at future infinity, the action in six dimensions can again be found from the 
counter-term method, giving 

2nf3 {3pl + IbN'p^ + 3me - lON^pj) 
^c,6 = ^ (9.20) 

where is again the largest positive root of F{p). The conserved mass is also found through 
the counter-term method, giving 

^ 7r(63£^A^2 + 2205NH^ + 10773 A^^ _ £6) / ^ \ 

9Jlc,6 = -SnmcM " ^ ' + O (9.21) 

and the total entropy is found using these and the Gibbs-Duhem relation 

27r/3(3p^ - WN'pI + ISAry^ - gmf) 
^c,6 - ^ ■ (9.22) 

The above equations are generic to six-dimensions, and can be further analyzed by specifying 
to either the six dimensional Taub-NUT-C solution, where = A^, F{p = N) = and the 
fixed point set of c?t is 2-dimensional, or the Taub-Bolt-C solutions, where p^ = p^_|_ > A^ 
and the fixed point set of dr is 4-dimensional. 

9.2.1 NUT Solution 

The NUT mass is given by 

mc,n6 = ^-Y2 (9-23) 

and is obviously always negative. This means, from ()9.2H1 . that the conserved mass at future 
infinity in six dimensions is always positive. In the flat space limit, mc,n6 
the high-temperature limit, rric^ne ~^ 0. 
The period here is = 12ttN, and so 

32n'N\e + AN') 

^CM NUT = (^y.24) 

_ 327r^Ar^(3£^ + 20Ar^) 

^CM NUT — [y-ZO) 
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Figure 9.3: Plot of the NUT entropy and specific heat vs. N for (5+1) dimensions. 

fj9.25|) . ()9.2H) and ()9.23|) can be shown to satisfy the first law dS = f3d'0Jl. Both the action 
and the entropy are zero in the high temperature limit. The fiat space limits are Ic,6d nut 
327^2iV^ Sc6d NUT ^ 967i^N\ 

The specific heat in six dimensions is 



C, 



CM NUT 



(9.26) 



which -3847r2A^^ and in the fiat space and high temperature limits, respectively. 

Note that as shown in fig. 19.31 the entropy and specific heat behave opposite to the 
behaviour noted in four dimensions, with the entropy always positive, and the specific heat 
negative. This implies that the six dimensional NUT solution is also thermodynamically 
unstable. 



9.2.2 Bolt solution 

Here the fixed point set of dr is four-dimensional. The conditions for a regular Bolt solution 
are now 

(i) Fip) = 

(ii) F'ip) = 

(with (ii) from the second equality in ()9.19|) ). From (i), we can find the Bolt mass 
3pt - (£2 + 15N^)pt + N^iQf + A5N^)pI + 3N\f + 5N^) 



and from (ii) we can find Pf,^ 

Pb± 



6i'p, 



30iV ' 



(9.27) 



(9.28) 
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Figure 9.4: Plot of the upper (p^ = p^_^) and lower (pj, = p^_) bolt masses mb± (g = 1) for 
six dimensions (Taub-Bolt-C). 



Note that, as in four dimensions, the discriminant of the square-root in pf^^ is always positive, 
and so the only limit on is > 0. The flat space and high temperature limits of Pb_^_ 
are both p^_^ — > oo, and the flat space and high temperature limits of p^_ are p^_ 
p^_ — > 0, respectively. 

The period of the Bolt is found from the first equality in ()9.19p 



C,Bolt6d 



Qtt 



{pi - Nyt I 3p^ - 9pgiV' - N\At + 15A^')p^ 

1 

-Qmi'^pl - N\m'^ + 75iV2)p^ - 3m£2iv2 



(9.29) 



This temperature is again the same as in the NUT case, as can be seen by substituting in 
m = mcfiQ and either p^ = p^_|_. 

The upper and lower branch masses for six dimensions can be plotted vs. A^, as is done 
in fig. 19.41 Note the upper branch is always negative, the lower is always positive. Since 
9Jlc,6 = — 87rm(76d this means the upper (lower) branch conserved mass is always positive 
(negative). This behaviour is different from that in four dimensions, where the upper branch 
varied from positive to negative. 

The action can be found from the method of counter-terms to be 



I C, Bolted 



An^Spl + - 5N^)pt - N\6f + l5N^)pl - m\f + 5N^)) 



253125 



3\5m-5pl + &\ 
?4(20250Ar^ + 750NY + ^OOgH^N"^ + qH^) 



£2gAr4 



(9.30) 
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and, using the Gibbs-Duhem relation, 

OC, Bolted — Q\r:AT2 E~~2~ 



50625 



3\5N^ -5pl + i^\ 

iV4 



+27000Ar^£^ + 540000iV'') 



(9.31) 



This entropy does satisfy the first law, though again both the upper and lower branches 
must be checked separately. The specific heat is 



,2 



Cc, 



Bolted 



in- eq\90N^ + q 



50625 



2/)2\ 



4„2/,4 



+4050iV^£^ + 162000A^^£2 + SIOOOOA^^ 



(9.32) 



Figure plots the entropy and specific heat for the upper and lower branch solutions 
for g = 1. The upper branch entropy is always positive, and the specific heat is positive for 
N < 0.2014312523£; thus the upper branch solution is thermodynamically stable for N less 
than this. The lower branch entropy is always negative and specific heat always positive, so 
the lower branch is always thermodynamically unstable. Note the trend continues for g > 1. 



10 General {d + 1) Dimensional Results 

The results in sections |H1 and IHl can be generalized to any even dimension greater than 4, 
where ci + 1 = 2fc + 2, (/c = 1, 2, . . .). For simplicity, we consider a base space of a product 
of 2-spheres <^i=iS^] note that this gives the same results as would be obtained by using the 
more general case ()7.18|) . and that all of the general discussions regarding the structure, etc., 
of Taub-NUT-dS spacetimes from section [7| apply here. 

We find that the behaviour of both the R-approach and C-approach quantities are qual- 
itatively the same in 4/c-dimensions {k = 1,2,...), a behaviour that is distinct from the 
common behaviour in 4k + 2-dimensions. This means that dimensions 8, 12, 16, . . . have the 
same behaviour as four dimensions, and 10, 14, 18, . . . the same behaviour as six dimensions. 
We have explicitly checked that this holds up to 20 dimensions. 
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Figure 9.5: Left/right: Plot of the upper/lower branch boh entropy and specific heat (for 
g = 1) for six dimensions. 



10.1 R— approach 

The general form of the metric for the R-approach using a product of two-spheres is given 
by 



-2 1^ 



( ^ V dT^ 

dsl = V{r) dt + 2n^cos(e,)rf0i - — - + (r^ + n^) ^ (rf^^ ^ sin2(^.)^^2^ ^^g^^^ 

V i=l J i=l 

with V{t) given by ()7.19|) . In the following we will denote the largest root of V{t) by Tc, 
where the subspace r = Tc is the fixed point set of dt. 

The Killing vectors (9^. will give conical singularities in the {t, r) Euclidean section for 
any constant (0^, . . . , 0j)-slice near the horizon t = Tc unless we fix the period to be 

This must match the periodicity requirement induced by requiring the Misner string singu- 
larities vanish, giving the relation 



{d+l)\n\ 



\V'{t)\ 2q 



;io.3) 



which will have two solutions for Tc = T^{n). The fixed point set of dt is {d— l)-dimensional 
for each of these, and so both solutions are Bolt-solutions. We refer to these solutions as 
and R~ respectively. 

The metric determinant and Ricci scalar in (d + 1) dimensions can be calculated from 
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(ITin|l to be 



9r 



(r2 + n2)(2^') 



n 

i=l 



sm 



R 



R 
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With these, it is possible to calculate the general form of the Bulk action for arbitrary d, 
(where nsin^(6'.j) will contribute to the volume term). We work in the r > Tc region near 
future infinity, and can use the binomial expansion on the integrand to allow integration 
term by term from t = Tc ^ oo. 
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Since we know (see below) that the counter-term action will cancel infinities in this and 
the boundary action, we only need to include finite contributions here. The boundary con- 
tributions at future infinity can be found using the boundary metric 7^^ = g^i, + n^rii,, 

0, . . . is the unit normal to a surface of fixed r. The boundary metric 



where n. 



determinant and boundary Ricci scalar are, for general d 
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The trace of the extrinsic curvature for general d can also be found from the metric (jlO.lj) 
to be 
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Equations ()10.7|) and p0.9|) can be expanded in ()3.3p for large r, and the finite terms can 
be extracted. The finite boundary action is then 
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The counter-term action ()3.4|) . ()3.6|) is now used to cancel the divergent terms in the 
bulk and boundary actions, but will also contribute finite terms to the total action. It turns 
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out, however, that the finite terms from the counter-term action come only from the first 
term in ()3.6|) . This can be understood as follows 56 . From ()7.19p . we can expand 

V{t) = — r^^^ ^^-pY + terms that vanish as r ^ oo (10.11) 

j 

where the pj > are integers. Any term that depends on m must also depend on an odd 
power of T. It therefore cannot cancel any divergences, since from the above expansion, 
all divergences must be cancelled by terms that are even in r in the large r limit. Di- 
mensionality requirements force all non-divergent counter-term contributions depending on 
m to be down by at least one power from (2m) /(r^'^"'"^), and thus they must behave like 
(2m) /(r^'^"'"^). Since ~ ^-Sfc+i ^]-^g large r limit, these will all vanish. Likewise all other 
non-divergent counter-term contributions must be down by two powers, and will also vanish 
upon integration. We have checked these statements for [d + 1) = 4 . . . 20. Therefore, the 
finite contribution from the counter-term action at future infinity is 

/3(47r)^(rf-l) 

lR,ctRmte = Z (10.12) 

Stt 

Adding the contributions (|10.6p . (|10.10|) and (|10.12|) together, the general form of the action 
in the R-approach is given by 
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The conserved charge can also be found for general d. The only non-vanishing conserved 
charge will be associated with ^ = dt, and will give a conserved mass. Thus, using ()3.13|1 . 
we find 

r^''^^ (10.14) 
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The extra terms from the variation of the counter-term action have been previously calcu- 
lated pS], though using the arguments from above, we have shown that only the first term 
^'^^^^ "fab "^ill ^ finite contribution. The finite conserved mass for general d + 1 dimensions 
is thus given by 

_ (47r)'=(rf-l) 

Mr = 10.15 

Stt 

m can be solved for on a dimension by dimension basis in terms of r, n, through the first 
condition V{t) = 0. 

The entropy in d + 1 dimensions is given by 




.2fc-2i+l 
C 
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Sn = <! ^ > : ( : W \!'' , , - i2k - l)m } (10.16) 



where we use fjl0.15p . ()10.13p and the Gibbs-Duhem relation. 
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Finally, note that the consistency condition ()10.3|) can be rewritten 



and will yield four solutions for Tc for a given dimension. Two of these will be positive, and 
this implies two distinct spacetimes, each with its own characteristic entropy and conserved 
mass for a given n. 



10.2 C— approach 

The metric in this approach is found from ()10.1|) by a Wick rotation of the time and the 
NUT charge [t ^ iT,n iN) to give 



dsl = -F{p) ( rfT + 2iV ^ cos(^i)#i 



dp" 



i=l 



Fip) 



Hp'-N^) J2 (^^«' + sm'(^«)#- ) (10.18) 



i=l 



with F{p) found from (j7.19|) 
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This metric, up to a few signs, is the same as in the R-approach, and so the same calculations 
can be used from the R-approach to find the quantities needed to calculate the action, etc.. 
The general metric determinant and Ricci scalar are thus given by 
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The finite bulk action contribution is found by inserting these into ()3.2|) . with the binomial 
expansion, giving 
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where p^ is the largest positive root of -F(p), found using the fixed point set of Ot, and [3 here 
is the period of T, again found by ensuring regularity in the (T, p) section via the formula 
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It is important to note that p_,_ ^ tq due to the changes in going from V{t) to F{p). 



(10.23) 
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The boundary metric is again found through the formula 7^^ = g^,y + n^riy^ with as 
above, and we are again working only at future infinity. This gives the boundary metric 
quantities 



7c 
^c(7) 

and from pO.lHj) we can find 
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The general equations for the finite contributions from the boundary and counter-term 
actions can be found to be the same here as in the R-approach p0.10|) . p0.12|) . using 
exactly the same steps — including the fact that only the first term in ()3.6|) is needed for 
P0.12|) . Thus, the general form of the action for the Taub-NUT-dS (C-approach) metric is 
given by 
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The conserved mass is also again found from ()10.14|) . where again only the first three terms 
given in (jl0.14|) are needed. This gives the finite conserved mass in general C-approach 
spacetimes as 
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(where recall that the total dimension (rf + 1) = 2A; + 2). 

The Gibbs-Duhem relation ()4.1(i|l can now be used to find the entropy 
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The periodicity condition for ensuring regularity p0.23|) and removal of all Misner strings 
now yields 

However, unlike in the R-approach, we now have two distinct classes of solutions to ()10.30|1 . 
depending on the co-dimensionality of the fixed point set of Ot- The fixed point set of Ot 
can be {d — 1) dimensional or it can be of {d — 3)~dimensionality. The {d — 1) dimensional 
case yields a solution p^ > N and is called a Bolt solution — we thus refer to this case as 
the Taub-Bolt-C solution; and the {d — 3)-dimensional case yields a solution p_^_ = N and is 
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called a NUT solution — we refer to this as the Taub-NUT-C solution. It has recently been 
shown J7] that this solution can be analytically continued to a Taub-NUT-R solution. 

The entropy defined by the Gibbs-Duhem relation ()4.16j) would appear to have the 
requisite properties: it is positive and monotonically increasing with conserved mass for the 
Schwarzschild-de Sitter case, and obeys the first law of thermodynamics for all cases we 
have considered so far (indeed, since our definition is built on the path integral formalism, 
it is hard to see how it could be otherwise). However the applicability of the second law 
remains an outstanding problem: in what sense can we say that the entropy always increases 
in any physical process in this context? Even more intriguing is the relationship between 
this entropy and the underlying degrees of freedom that it presumably counts. 

11 Conclusions 

Looking at the previous results from a wider perspective, it is clear that it is possible to 
extend the concepts of conserved quantities, actions, entropies and path-integral methods 
outside of cosmological horizons. We have extended the use of the path-integral formalism 
to include quantum correlations between timelike histories. By employing this formalism in 
the semiclassical approximation we have been able to extend our notions of conserved quan- 
tities (such as mass and angular momentum), actions and entropies outside of cosmological 
horizons. Applying this formalism to Schwarzschild-de Sitter spacetimes we find that the 
values of these quantities are in accord with our physical expectations m 11^ 11^]. 

However when we extend this formalism to NUT-charged spacetimes we find that the 
situation is considerably modified. First, NUT-charged spacetimes present us with two 
possible ways (the R-approach and the C-approach) in which we can apply our formalism, 
depending on how the spacetime is analytically continued. We could, of course, have simply 
used one or the other of these methods, as it has been recently shown [TT' that the two 
approaches are equivalent and interchangeable through analytic continuation. However, we 
felt that it was more demonstrative to show both methods, for those more familiar with the 
C-approach from AdS analysis. 

We have also found that there exist broad ranges of parameter space for which NUT- 
charged spacetimes violate both the maximal mass conjecture and the N-bound, in both 
four dimensions and in higher dimensions. 

We find the thermodynamic behaviour for the 4A;-dimensional spacetimes to be qualita- 
tively similar, with the lower branch entropy always negative, and the upper branch solutions 
always having a range of n in which both the entropy and the specific heat are positive. 
Likewise the {4k + 2)-dimensional spacetimes have qualitatively similar thermodynamics, 
behaving as illustrated in figures ()8.6|) and ()8.7p . 

The entropy-area relation S* = ^4/4 is satisfied for any black hole in a {d + 1) dimensional 
aF, where A is the area of a d — 1 dimensional fixed point set of isometry group. However, 
this relationship does not hold for other kinds of spacetimes in which the isometry group has 
fixed points on surfaces of even co-dimension |Tnj. The best examples of these spacetimes 
are asymptotically locally fiat and asymptotically locally AdS spacetimes with NUT charge. 
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In these cases when the isometry group has a two-dimensional fixed set (Bolt), the entropy 
of the spacetime is not given by the area-entropy relation, as a consequence of the first law 
of thermodynamics [58^ . 

In asymptotically dS spacetimes, the Gibbs-Duhem entropy ()4.1(jj) is proportional to the 
area of the horizon and respects the N-bound (this has also been shown for the Schwarzschild- 
dS spacetime JS])- However, for asymptotically locally dS spacetimes with NUT charge, the 
entropy is no longer proportional to the area. Consequently the entropy need not respect 
the N-bound, and we find that there are a wide range of situations where it does not. 

It would be interesting to understand the range of applicability of the N-bound is asymp- 
totically dS spacetimes. Does it hold only for spacetimes in which entropy is proportional to 
area? If not, what are the minimal requirements for the N-bound to hold? Can one make 
sense of a theory of quantum gravity in which the N-bound does not hold? These questions 
remain interesting avenues for further study. 

12 Addendum 

We summarize here some developments that have taken place since the work described in 
this paper was completed. One comment that has been raised regarding the counterexamples 
we present has to do with the presence of closed timelike curves (CTC's). The Chronological 
Protection Conjecture ISH] (CPC) suggests that spacetimes with CTC's develop singularities 
upon perturbation of the stress tensor, and it has been claimed [60 that the counter-examples 
we present are not true counter-examples but are at best marginal. Following up on this, 
Anderson [HI] obtained an counterexample to the maximal mass conjecture using NUT- 
charged spacetimes that do not have CTC's and whose overall global structure is the same 
as that of pure de Sitter space. This example can be found from our four-dimensional Taub- 
NUT-dS metric (9.1) by analytic continuation; the parameters of the metric as such that it 
excludes horizons and so also excludes CTC's. 

We comment that our calculation of the conserved {d + l)-dimensional mass from eq. 
(3.13) does not depend upon the existence of horizons (or CTCs). Since the mass and NUT 
charge are a-priori independent, it is straightforward to choose values of these quantities (in 
units of, say, the cosmological constant) that preserve the global structure of pure de Sitter 
space and violate the maximal mass conjecture. For example, one can choose the values 
employed by Anderson [61 , recovering the counterexample he presents. We also note that 
the applicability of the CPC here requires some care; for example the maximal extension of 
Kerr-dS spacetimes contains CTCs, yet their exclusion from some form of the maximal mass 
conjecture would seem unduly restrictive. Of course a proof of the maximal mass conjecture 
under reasonable physical restrictions remains an interesting area of research. 

Shortly after the completion of this review paper, we were made aware of several papers 
of interest. Cai and Ohta [02] have discussed an adaptation of the counterterm method for 
non-Anti de Sitter spacetimes, and Cai, Myung and Ohta [021 discuss the N-bound relative 
to black holes. We also note that Nojiri and Odintsov fMj constructed surface terms from 
the de Sitter bulk and obtained the 4 dimensional conformal anomaly; they also extended 
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this asymptotically dS bulk spacetimes and discussed the relationship with holographic RG 

flow insi. 
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